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Abstract. Suppose that {Xt, < > 0} is a non-stationary Markov 
process, taking values in a Polish metric space E. We prove the law 
of large numbers and central limit theorem for an additive func- 
tional of the form 'ip{Xg)ds, provided that the dual transition 
probability semigroup, defined on measures, is strongly contractive 
in an appropriate Wasscrstein metric. Function ip is assumed to 
be Lipschitz on E. 



1. Introduction 

Suppose that {E, p) is a Polish metric space with B{E) its Borel a- 
algebra and {Xt, t > 0} is a Markov process given over a certain prob- 
abihty space (fi,^^, P). One of the fundamental problems of classical 
probability theory is the question about the asymptotic behavior of the 
functional i/j{Xt)dt, as T — )■ -|-oo, where ip : E R is a. Borel mea- 
surable function, called an observable. One may inquire whether the 
law of large numbers holds, i.e. whether time averages il){Xt)dt 
converge in some sense to a constant, say f*. If this is the case one 
could further ask about the size of fluctuations around v^,. Typically, if 
the observable is not "unusually large" , nor the process stays for a long 
time in the same region, properly scaled fluctuations can be described 
by a Gaussian random variable. This is the contents of the central limit 
theorem, which states that the random variables St/VT, where 



St:= [ [ij{X,)-v,]ds (1.1) 

converge in law, as T — > -|-oo, to a finite variance, centered normal 
random variable. 
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The question of the central hmit theorem for an additive functional 
of a Markov process is a fundamental one in classical probability the- 
ory. It can be traced back to the 1937 seminal article of W. Doeblin, 
see [11], where the central limit theorem for discrete time, countable 
Markov chains, has been shown assuming, what is now known as strong 
Doeblin's condition. Generalizing these ideas one can prove the theo- 
rem for more relaxed mixing conditions, such as geometric ergodicity, 
see e.g. Chapter 17 of [2S], or in the stationary setting a spectral gap 
for the generator L of the process in an appropriate U'{^^) space, where 
11^ is an invariant measure of the process, see e.g. Chapter VI of [5U] . 

Starting from the 1960-s, another approach has been developed for 
proving central limit theorems for stationary and ergodic Markov pro- 
cesses, see [151 [ISj for the case of discrete time Markov chains and [1] 
for continuous time Markov processes. One uses the solution of the 
Poisson equation —Lx = iIj va. L'^{ix*) to decompose St into a martin- 
gale (the so called martingale approximation of St) plus a negligible 
term, thus reducing the problem to a central limit theorem for mar- 
tingales. A sufficient condition for the existence of the solution to the 
Poisson equation is again the spectral gap of the generator. Sometimes, 
when '0 is "more regular" it is quite useful to consider a smaller (than 
LP(yU*)) space, where one can prove the existence of the spectral gap, 
which otherwise might not exist in the entire L^(/i*), see [T3l [26] . 

In the following decades, the martingale approach has been devel- 
oped also in the case when the Poisson equation has only an approxi- 
mate solution, which converges in some sense to a generalized solution. 
Using this approach it has been proved by Kipnis and Varadhan [23] 
that in the case of reversible Markov processes the central limit the- 
orem holds, provided that the variance of St/VT stays bounded, as 
T — 7- +00. The argument can be generalized also to some non- reversible 
processes, see e.g. [32] for quasi-reversible, [9l [17] for normal processes. 
Fairly general conditions for the central limit theorem obtained by an 
application of this method are formulated for discrete time, stationary 
Markov chains in e.g. [H [271 [35] and in [21] for continuous time pro- 
cesses. An interesting necessary and sufficient condition for validity of 
the martingale approximation for an additive functional of a stationary 
Markov process of the form f 1 1.11) can be formulated in terms of con- 
vergence of the solutions of the corresponding resolvent equation, see 

In the context of stationary Markov chains it is also worthwhile to 
mention the class of results where the central limit theorem (or invari- 
ance principle) is proved for a non-stationary chain starting at almost 
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every point with respect to the stationary law - the so called quenched 
central limit theorem, see e.g. [21 HI El [ID]- At the end of this brief 
review of the existing literature we remark that the list of citations 
presented above is far from being complete. 

Recently, some results have been obtained that claim the existence 
of an asymptotically stable, unique invariant measure for some classes 
of Markov processes, including those for which the state space needs 
not be locally compact, see [ISl [201 ED [21] • The stability we have in 
mind involves the convergence of the law of to the invariant measure 
in the weak sense, as it is typical for an infinite dimensional setting. 
The Markov processes considered in the aforementioned papers satisfy 
either the asymptotic strong Feller property introduced in [19], or a 
somewhat weaker e-property (see [21] )• In many situations they cor- 
respond to the dynamics described by a stochastically perturbed dissi- 
pative system, such as e.g. Navier-Stokes equations in two dimensions 
with a random forcing. 

In the present article we show the law of large numbers and central 
limit theorem (see Theorem 12.11 below) for an additive functional of 
the form fll.ll) . with tp Lipschitz regular, for a class of Markov pro- 
cesses {Xt, t > 0} that besides some additional technical assumptions 
satisfy: 1) the strong contractive property in the Wasserstein metric 
for the transfer operator semigroup associated with the process (hy- 
pothesis HI) formulated below) and 2) the existence of an appropriate 
Lyapunov function (hypothesis H3)). The technical hypotheses men- 
tioned above include: 3) Feller property, stochastic continuity of the 
process (hypothesis HO)), 4) the existence of a moment of order 2 + S, 
for some 6 > 0, for the transition probabilities (hypothesis H2)). We 
stress that the processes considered in Theorem 12.11 presented below 
need not be stationary. In this context the results of [TH [221 ES] and 
[M] should be mentioned. In Theorem 19.1.1 of [22] the central limit 
theorem is proved for every starting point of a Markov chain that is 
stable in the total variation metric (this is equivalent with the uniform 
mixing property of the chain) . In [18] the theorem of this type is shown 
for a chain taking values in a compact, metric state space satisfying a 
stability condition that can be expressed in terms of the Wasserstein 
metric. The proof is conducted, via a spectral analysis argument, ap- 
plying an analytic perturbation technique to the transition probability 
operator considered on the Banach space of bounded Lipschitz func- 
tions. It is not clear that this kind of approach could work in our 
case, i.e. for continuous time Markov processes whose state space is 
allowed to be non-compact and an observable that may be unbounded 
(we only require it to be Lipschitz). In [31] Markov processes stable 
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in the Wasserstein type metric, stronger than the one considered here, 
have been examined and an analogue of Theorem 12.11 has been shown. 
After finishing this manuscript we have learned about the results of 
[36] , where the central limit theorem for solutions of Navier-Stokes 
equations has been studied. 

In Section |6] we apply our main result in two situations. The first 
application (see Section 16. ip concerns the asymptotic behavior of an 
additive functional fll.ip associated with a solution of an infinite di- 
mensional stochastic differential equation with a dissipative drift and 
an additive noise (see (16.80 below), see Theorem 16. II Another applica- 
tion, presented in Section 16. 2^ is the central limit theorem for a smooth 
observable of the Eulerian velocity field that solves a two dimensional 
stochastic Navier-Stokes equation (N.S.E.) system and relies on the re- 
sults of [IHl |20] . It generalizes the central limit theorems for solutions 
of N.S.E. system forced by Gaussian white noise that have been shown 
in [36] . 

Finally, we describe briefly the proof of Theorem 12.11 The main tool 
we employ is a suitably adapted martingale decomposition of the addi- 
tive functional in question, see Section 15.2.11 In fact as a by-product, 
using the argument from Chapter 2 of [23], we obtain a martingale 
central limit theorem (see Theorem 15. ip for a class of square integrable 
martingales, that could be considered a slight generalization of Theo- 
rem 2 of [3]. We need not assume stationary increments, but suppose 
instead that the quadratic variation satisfies some form of the law of 
large numbers, see hypothesis M2). The proof of this result is given in 
Appendix \M 

2. Preliminaries and the formulation of the main result 

2.1. Notation. Let (-E, p) be a Polish metric space and let 5 (_E), C(-E') 
and Lip (.E) (resp. Bb{E), Cb{E) and Lip^ (.E)) be the spaces of all 
Borel measurable, continuous and Lipschitz continuous (resp. bounded 
measurable, continuous and Lipschitz continuous) functions on E, cor- 
respondingly. The space of all Lipschitz continuous functions on E is 
equipped with the pseudo-norm 

11,11 \fix)-f{y)\ 
Wfh ■■= sup — ^ — . 

x^y p{x,y) 

It becomes a complete norm on Lip (E) when we identify functions 
that differ only by a constant. Observe also that Lip(£') is contained 
in Ciin{E) - the space of all continuous functions /, for which there 
exist C > and Xq E E such that |/(a;)| < C(l + p^oix)) for all x E E, 
where Pxo(^) •= pi^^^o)- We shall denote by ||/||oo,_ft: the supremum 
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of |/(a;)| on a given set K and omit writing the set in the notation if 
K = E. 

Let V = V{E) be the space of all Borel probability measures on 
E. Its subspace consisting of measures possessing the absolute moment 
shall be denoted by Vi = Vi{E), more precisely G Pi iff / Pxodu < oo 
for some (thus all) Xq E E. 

For / G Lip(£'), xq & E and z/ G "Pi, we have in particular 

(^,|/|)<||/IU(i^,Px.o) + |/(Xo)|<+00. 

Note that Vi is a complete metric space, when equipped with the 
Wasserstein metric 

di{ui,U2)-= sup - (i/2,/)|, Vz/i,z/2 G "Pi, 

il/llL<l 

see e.g. [33] Theorem 6.9 and Lemma 6.14. Here (z^, /) := / fdv for 
any / G Lip(_E) and z/ G P, 

Suppose that {Xf, t > 0} is an i?- valued Markov process, given over 
a probability space P), whose transition probability semigroup 

is denoted by {P*, t > 0} and initial distribution is given by a Borel 
probability measure /xq- Denote by E the expectation corresponding 
to P and by > 0} the natural filtration of the process, i.e. the 

increasing family of cr- algebras '■= (^{Xg, s <t). We shall denote by 
yuP*, the dual transition probability semigroup, describing the evolu- 
tion of the law of Xt. We have (/i, P*/) = (/xP*, /) for all fi G P(P), 
/ G Bf,{E). Particularly, 6xP^{dy) = P^{x,dy) are the transition prob- 
ability functions associated with the process. To abbreviate, for a given 
Borel probability measure /i on P and a random variable Y, we shall 
write 

E^Y := J E[Y\Xo = x]fi{dx) 

and E^Y denotes the expectation corresponding to fi = 6x- Likewise 
we shall write P^[^] = E^l^ and Px[A] = E^ly^ for any A G J-". 

2.2. Formulation of main results. Below, we state the list of hy- 
potheses we make in the present article: 

HO) the semigroup is Feller, i.e. P^{Cb{E)) C Cb{E), and stochas- 
tically continuous in the following sense: 

\imP'f{x) = f{x), WxeE, f eCf,{E), (2.1) 

HI) we have /iP* G Pi, provided that G Pi. In addition, there 
exist c, 7 > such that 

rfi(/iP*,z/P*) < ce-^*c/i(/i,i/), Vt > 0, G Pi. (2.2) 
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H2) for some (thus all) xq & E there exists 5 > such that for all 
R < +00, and T > 

sup sup / pl:^\y)P' (x, dy) < oo, (2.3) 

te[0,T] x&Bnixo) J 

We have denoted by Bji{xo) an open ball of radius R > 
centered at xq. 

H3) we assume that p^^''(-) for some xq and 5 > is a Lyapunov 
function for the given process {Xt, t > 0}. More specifically, 
we suppose that there exists xq E E and 6 > such that 

A,:=snpEpl+\Xt)<oo, (2.4) 

t>o 

Remark 1. Observe that condition fl2.ll) is obviously equivalent to 

\\m^di{6^P\S^) = 0, \/xeE. (2.5) 

Remark 2. By choosing smaller of the exponents appearing in H2) 
and H3) we assume in what follows that the parameters 6 present there 
are equal. 

Our main result can be now formulated as follows. 

Theorem 2.1. Suppose that fio - the law of Xq - belongs to Vi and an 
observable ip G Lip(£'). Then, the following are true: 

1) (the weak law of large numbers) if hypotheses HO) and HI) 
are satisfied then, there exists a unique invariant probability 
measure p^. It belongs to Vi{E) and 

lim ^ I ij{Xs)ds = V, (2.6) 

in probability, where v^. := (/i*,?/^), 

2) (the existence of the asymptotic variance) if HO) - H3) hold 
then, there exists a G [0, +oo) such that 



lim — . 







E 








)- 


- V*, 



ip{Xs)ds = a\ (2.7) 

where ip{x) 

3) (the central limit theorem) under the assumptions of part 2) 
we have 

lim f i'{X,)ds <d= $.(0, G R, (2.8) 

where $o-(') is the distribution function of a centered normal 
law with variance equal to . 
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The proofs of parts 1) and 2) of the above result are presented in 
Section H] and part 3) is shown in Section \5\ 

3. Some consequences of hypotheses H0)-H1) 

We start with the proof of the existence and uniqueness of the invari- 
ant probabihty measure claimed in part 1) of Theorem 12. 1[ Uniqueness 
is obvious, in light of hypothesis HI), thus we only need to prove the 
existence part. Suppose that to is chosen so that ce"'^*" < 1. Using (12.21) 
we get that P*° is a contraction on a complete metric space (Vi{E), di). 
By the Banach contraction mapping principle we find G Vi (E) such 
that /i°P*° = Let /i* := t^^ J^" fj.lP'^ds. It is easy to check that /x* 
is invariant under {P*, t > 0}. Indeed, 

1 pto 1 pto 1 rto+t 

:>t _ / ,,Oos+tj„_ / ,,0os^„ I / ,,0os. 



l^*P' = - / f^.P'^'ds = - / fi^P'ds + - / fi^P'ds 
to Jo h Jt h J to 

= - / ^°P^rfs + - / /i°P^rfs = /i.. 
^0 Jt '^o Jo 

□ 

Define /iQf := f-^ /J fiP'ds for alH > and fiQ*j^ := N-'^ '£n=o /^^" 
for all integers > 1. As an easy consequence from the above and 
condition HI) we obtain 

Proposition 3.1. For any fi G Vi{E) we have 

rfi(/iP*,/i*) < ce"'''*c?i(/i, yu^), (3.1) 

rfi(yuQt,/i*) < :^(l-e-^*)di(/i,/i.), Vt>0, (3.2) 

and 

diil^Q'h^fi.) < ^ ^i(/i,/i.), VA^>1. (3.3) 

Proof. Estimate (13.11) is obvious. To prove (13. 2p choose an arbitrary 
ip G Lip(P) such that WipWi < 1- Then 

ft 



[(/xP^v^)-(/i,p^^)]rfs 







< ^(ii(/i,/i*) / e "'''ds 
i Jo 

and (13. 2p follows. The proof of (13. 3p is analogous. □ 
Lemma 3.2. For any Xq E E there exists a constant C > such that 

sup(<5,P*,p,„) < C[p,„(x) + 1], Vx G E, (3.4) 
t>o 
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where, as we recall, Pxo{x) := p(x,xo). 

Proof. From HI) we get 

\P^pxo{x) - (/i*,Pxo)| < di{5xP\n*P^) < ce-^*c/i(4,/i,). 

This estimate implies (13. 4p □ 
Using the above lemma and a standard truncation argument we con- 
clude that for any ip G Ciin{E) and t > s 

where P^ip{x) := {SxP*,ip)- 

Lemma 3.3. Suppose that ip G Lip(i?). Then P*ip G Lip(£') and 

II^VIU < ee-^iV^iU, Vt>0. (3.5) 

Moreover, if H2) holds then P\Ciin{E)) C Ciin{E) for allt>0. 

Proof. From HI) we obtain that for any x,y & E, t > 

|PV(2:) < \mLdi{6xP\6yP') 

< c\mLe-^'d,iSx.Sy) = c\mLe-^'p{x,y) 

and (13. 5p follows. 

Suppose now that ip G Cun^E). We prove first that P^ip G C{E). 
Suppose that L > 1 and 

(tpix), when |'?/'(a;)| < L, 

L, when ^p{x) > L, (3.6) 

—L, when ip{x) < —L. 

Using H2) we conclude easily that for any R > xq E E we have 

lim sup \P^^l}{x)- P*i)L{x)\=Q. (3.7) 

From this and HO) we infer that PV G C{E). The fact that PV G 
Ciin{E) follows directly from Lemma [3.21 □ 

Lemma 3.4. Suppose that ip G Lip(ii^) and x E E. Then the function 
1 1— )• P^%l){x) is continuous for allt>0. 

Proof. From HI) and (13.51) 

|PV(x) -PXx)| < ce-^(*^^)||^|Urfi(4,4Pl*-^l). 
Using (12.51) we conclude the proof of the lemma. □ 
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4. Proofs of parts 1) and 2) of Theorem 12.11 

Some of the calculations appearing in this section are analogous to 
those contained in Section 3 of |Mj although significant modifications 
are required due to the fact that we work here with a weaker metric 
and an observable that is allowed to be unbounded. 

4.1. Proof of part 1). In case when the process is stationary (i.e. 
/^o = A**) the result is a consequence of the continuous time version of 
Birkhoff 's pointwise ergodic theorem (the unique invariant measure is 
then ergodic). In fact, the convergence claimed in (12. 6 p holds then in 
the almost sure sense. To prove the result in the non-stationary setting 
suppose first that tp G Cb{E) fl Lip(_E). Let v{T) := ■il)[Xs)ds. It 
suffices only to show that 



hm -E^(r) 

T— >+oo i 



and 



lim ^Y.v'^iT) 



Using the Markov property we can write 



-Ev{T) 



1 

T 



E4j{Xs)ds 



(4.1) 



(4.2) 







1 r 

T Jo ^'"o^''^^^^ 



T->oo 



On the other hand 



■I [ E[tP{Xt)i^iX,)]dtds. 
Jo Jo 



HXs)ds 



2 

J^2 



(4.3) 



The right hand side of (14.31) equals 



2 

JT2 



I I E[^{Xs)P'-'i^{X,)\dtds 
Jo Jo 



T rt 




^ip)dtds. 



JO 



We claim that for any e > there exists Tq such that for all T > Tq 
we have 

2 



T rt 



2^2 




{lioP',HP i^-v,))dtds 



^0 



< e. 



(4.4) 



Accepting this claim (proved below) for a moment we conclude that 



hm E 



T 



lim —V* 



tdt 



{fXoP',ip)ds 
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The last equality follows from (14. 2p . 

Proof of (14. 4p . We shall need the following two lemmas: 

Lemma 4.1. Suppose that ip G Lip{E) fl Cb{E). Then, for any s > 
and a compact subset K G E there exists To such that for any T > Tq 



sup 



T 



P''ip{x)ds - 



< e. 



(4.5) 



Proof. Note that {P'^ip, s > 0} forms an equicontinuous and uni- 
formly bounded family of functions. Indeed, from condition ( 12. 2 p we 
have 



< d,{6,,P',6,,P')ML < ce-^'d,{S,„6,, 

< ce-"''p{xi,X2)ML- 



for all xi,X2, s > 0. A uniform bound on the family is provided by 
,. On the other hand, 



1 

M^) ■■= 7f / P'i^ix)ds, T > 1 

^ Jo 



is equicontinuous and uniformly bounded, so from the Arzela-Ascoli 
theorem, see Theorem IV. 6. 7 of [12], we conclude that it is compact in 
the uniform topology on compact sets, as T — )■ +00. The lemma is a 
consequence of fl4.2p applied for fiQ = S^- □ 

Lemma 4.2. For any e > there exists a compact set K and Tq > 
such that 

(4.6) 



^ J^fioP\indt<e, VT>To. 



Proof. Condition HI) implies tightness of yUo-P* as t — t- +00. This of 
course implies tightness of the ergodic averages. □ 

Choose an arbitrary e > 0, compact set K and Tq as in Lemma [4.21 
Then find Tq as in Lemma U]T] for given e > and compact set K. The 
left hand side of 04.41) can be estimated by 



2 

2^2 




{fioP',lKi^{P'~'i^ - v,))dtds 



^0 



+ 



T rt 



^ / / (/ioP^lx=V^(P*->-^;.))rf^c^s 



^0 
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Denote the terms of the above sum by It and IIt respectively. Since 
is contractive on Bi^^E) from fl4.5l) we conclude 



IT 



2^2 



(T - s)l /ioP 



T 



T-s 



(PV -v,)dt 



iplK / ds 



changing variables s := T — s we can write 



It 



T* 



(PV - v,)dt 



iplx 7 ds 



+ 



- / (pV - 



'^/'Ia' / (is 



n 



<2 k' l +^ 



T 



2e 



2^2 



Hence 



lim sup It ^ £ 



On the other hand, from (14.6^ we conclude that 



IIt < 



2^2 



tdt 



fioP'{K^) ds 



Using Lemma 14.21 we obtain that 



IIt < 2 



T 



|2 

1 00 ■ 



Thus also 



lim sup IIt < £ 

T-5>+oo 



2 

00 ■ 



Since e > can be arbitrary we conclude (14.41) . thus obtaining (12. 6 p 
for ip Lipschitz and bounded. 

Now we remove the restriction of boundedness of the observable ip. 
Let L > 1 be arbitrary. Recall that ipi is given by (13. 6p . Using the 
already proven part of the theorem we get 



lim 
... T 



Let ^p^^^ := \ip — Since /i* E 'Pi{E) we have (yU* 
clear therefore that 



Lemma 4.3. We have 



lim = 0. 



lim limsupE?/;^^^(Xt) = 0. 



< +00. It is 
(4.7) 
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Proof. By virtue of assumption HI) we can write 



< ce"'^*rfi(/io,/i*)||V^||L. 

The conclusion of the lemma follows then from the above and (14.71) . □ 
From the above lemma we conclude easily that 



lim lim sup E 

L-5>+oo T_5.+oo 



0, 



which, thanks to (HZ]), yields fl^ . 



4.2. Corrector and its properties. With no loss of generality we 
may and shall assume that := {fi*,^') = 0, otherwise we would 
consider ip ■=ip— f*. 



Lemma 4.4. Suppose that ip G Lip(£'). The functions 



P'ipds 



(4.8) 



converge uniformly on bounded sets, as t oo. 



Proof. We show that {xtit > 1} satisfies Cauchy's condition on 
bounded subsets of E, as t +oo. Since {fi^P^,ip) = for all s > 0, 
for any u > t we have 

t 



P'tp{x)ds- / P'4j{x)ds 



< 



{6,P\4j)-{fi,P\tP) ds.{4.9) 



Suppose that e > is arbitrary. Using the definition of the metric di, 
the right hand side of (14. 9 p can be estimated by 



Ldi{6^P' , fi^P') ds < c\\ip\\Ldi{6^,fi^) 

< c||^||Le"^*c/i(4,/i*) < e, 

provided that u > t >to and to is sufficiently large. □ 
The limit 



-7s 



ds 



lim Xt 

s>+oo 



P'ljj ds 



(4.10) 



is called a corrector. 

Remark. This object is sometimes also referred to as the potential, 
as it formally solves the Poisson equation —Lx = ip, where L is the 
generator of the semigroup {P*, t > 0}. We shall not use this equation 
explicitly in our paper, since we have not made an assumption that the 
semigroup is strongly continuous on the space of Lipschitz functions, 
so the generator is not defined in our case. 
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Lemma 4.5. We have x G Lip(£'). In addition for any T > s 
E[x{XT)\ds] = lim E[xt{XT)\ds]. 



(4.11) 



Proof. Note that 

\xt{x) - xt{y)\ 



< 



P'i){x)ds- / P'ip{y)ds 



ds. 



ij{z)5^P\dz) - / ^P{z)5yP\dz) 



(4.12) 



Similarly as in the proof of Lemma 14.41 the right hand side of (14.121) 
can be estimated by 

II^IIl f di{5,P\5yP')ds <c\mLdi{5^,5y) fe-^'ds {A.13) 
Jo Jo 

<C\mLp{x,y)il-e-") 

for some C > independent of t, x, y. Letting t — +oo we get the first 
part of the lemma. 

Let us fix xq G E. From Lemma [4.41 and (14.131) it follows that there 
exists C > such that 

\Xtix)\ < C[l + p,,,(x)], Vt > 0, X G (4.14) 

From HI) and Lebesgue dominated convergence theorem it follows that 

lim P^~'xt{x) = P^~'x{x) Wx G E. (4.15) 

t->-+oo 

Hence, 



lim E[xt{XT)\ds]= hm P'-'xt{Xs) 

= p^-'xiXs) = nxiXT)\ds] 

and flCTD follows. □ 

4.3. Proof of part 2). After a simple calculation we get 



1 

— E 
T 



ip ds 



T 



\ 



T-s 



PV dt)ds. 



Note that integrals appearing on both sides of the above equality make 
sense in light of assumption H3) and the fact that G Ciin{E). De- 
noting the right hand side by E{T) we can write that 

(4.16) 



^(T)-|^(/ioP^^x) ds 



2 
f 



(/ioP',V^(x - Xt~s)) ds 
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see (14 .Sp and (I4.10p for the definitions of Xt and x respectively. Using 
( I4.12P we conclude that there exist C > and Xq E E such that 



\ip{x)x{x)\ + mx)xu{x)\ < Cpl^ix), WxeE,u>0. (4.17) 



Choose an arbitrary e > 0. According to H3) we can find a sufficiently 
large R > such that 



On the other hand from Lemma 1131 we can choose M > large enough 
so that 



Combining (14.181) with (14.191) we conclude that the right hand side 
of (I4.16P converges to 0, as T — > +oo. Since ^oP"^ tends to /i*, as 
s — )■ +00, weakly in the sense of convergence of measures, we conclude 
from H3) and (I4.17P that (/i*, \ipx\) < +oo and 



5.1. A central limit theorem for martingales. Suppose that {^n, n > 
0} is a filtration over (fi,5^, P) such that is trivial and {Z„, n > 1} 
is a sequence of square integrable martingale differences, i.e. it is 
{dn, n > 1} adapted, EZ^ < +oo and E[Z„|5'n-i] = for all n > 1. 
Define also the martingale 




(4.18) 



< Ce [p\Xs,xo),p,,{Xs) > ^] < 2' VO < s < T. 



(^oP^V'(x-XT-.)Wo)>|<|, VT-s>M. (4.19) 




5. Proof of part 3) of Theorem 12.11 



N 




N >1, Mo := 0. 



Its quadratic variation equals {M)i^ : 
Assume also that: 

Ml) for every e > 0, 



T.-=MZ',\h-i] for Ar> 1. 




N-l 



j=0 



M2) we have 



sup eZ^ < +00 

n>l 



(5.1) 
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1 ^ Mr 

lim limSUp - E — E {M)mK - {M)(^rn-1)K dim-l)K 



and there exists cr > such that 

, I I r 1 „ 



m=l 

and 

M3) for every e > 

e mK-l 

' 0. 



hm hmsup V V E[l+Z2 1, \Mj-M^m-i)K\ > eVIk] 



(5.2) 

Theorem 5.1. Under the assumptions made above we have 

lim (5.3) 

and 

hm ^e'SM^'^ = e-''"'"'\ € R. (5.4) 



The proof of this theorem is a modification of the argument contained in 
Chapter 2 of [25]. In order not to divert reader's attention we postpone 
its presentation tiU Appendix |X1 

5.2. Martingale approximation and the proof of the central 
limit theorem. We use the martingale technique of proving the cen- 
tral limit theorem for an additive functional of a Markov process and 
represent ip{Xs)ds as a sum of a martingale and a "small" remain- 
der term that vanishes, after dividing by \/T, as T — >■ oo. The theorem 
is then a consequence of an appropriate central limit theorem for mar- 
tingales, see Theorem 15.11 modeled after a theorem presented in Section 
2.1 of [25]. The proof of this result is presented in Appendix lAl 

5.2.1. Reduction to the central limit theorem for martingales. Note that 



where 



and 



/ tPiXs) ds = -^Mt + Rt (5.5) 



Mt := x{Xt) - x(Xo) + / ^(X,) ds. (5.6) 



Rt := ^\X{X,) - x{Xt)] . 



Proposition 5.2. Under the assumptions of Theorem 12.11 the process 
{Mt, T >Q} is a martingale with respect to the filtration {5't, T > 0}. 
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Proof. From H3) it follows that e|Mt| < oo. We have 

Jo 

J s 

The last term on the right hand side equals 

/+00 r+oc 

= x{Xs)-e[x{XtMI 

This ends the proof of the martingale property. □ 

Lemma 5.3. The random variables Rt converge to 0, as T ^ +oo, 
in the L^-sense. 

Proof. Since e|x(-^o)| < +oo we conclude that 

^ E|x(Xo)|^0 



/T 

On the other hand 

-^E|x(XT)| = -^(/ioP^,|xl). (5.7) 

Since fi^P^ = /i* we can rewrite the right hand side of fl5.7p as being 
equal to 

^ [{fioP^,\x\)-{f^*P^Ax\)]+^\\x\\LH,,) (5.8) 



T ' ' VT 

1 1 

< -T^WxhdiiiioP^ , iJ.^P'^) + ^IIxIUhm*) 



lEU C _ J. 1 T^oo 

< -y^llxlUe"^ 4(/xo,/i*) + -^IIxIUhm*) ^O.D 



5.2.2. Verification of the assumptions of Theorem \5.1\ We assume that 
all the constants appearing in ensuing estimations and designated by 
the letter C are strictly positive and do not depend on iV, K., I. 

We verify the assumptions of Theorem 15. II for the martingale defined 
in (15. 6p and Z„ := M„ — M„_i for n > 1. Then, part 3) of Theorem 12.11 
follows thanks to decomposition (15. 5p . Lemma [573] and the fact that for 
any e > 



lim P[ sup IMt/Vt - MTv/ViVl > e] = 0. (5.9) 
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To see equality (15.91) note that the probabihty under the hmit is less 
than or equal to 



P[ sup 

T&[N,N+1) 



+ P 



IM, 



N\ 



Mt 
1 



Mn\ > eVN/2] 
1 



(AT + 1)1/2 



> e/2 



< 



C 



E[{M) 



The last inequality follows from Doob and Chebyshev estimates and 
an elementary inequality N'^^"^ — (A^ + 1)"^/^ < CN~^/'^ that holds for 
all > 1 and some constant C > 0. The first term on the right hand 
side vanishes as — > +oo, thanks to (15.31) . while the second is clearly 
smaller than 



(Af) 



C 



N\ 



:E[(Af) 



N\ 



c 



N 



me' 







k=l 



as N ^ +00, thanks to (15. ip . 

Condition Ml). We recall the shorthand notation 



n=l 



Note that, by the Markov property 



72 



n=l 



Z„| >£ViVj = (/iog^,G7v), (5.10) 

where Gm{x) := E^^Zf, \Zi\ > e\/N . We claim that the right hand 

side of (I5.10p vanishes, as — ?■ +oo. The proof shall be based on the 
following. 

Lemma 5.4. Suppose that {fiN, N > 1} G V weakly converges to fi, 
{Gat, > 1} C B{E) converges to uniformly on compact sets and 
there exists 6 > such that 



G* := hmsup(/iAr, [Gat 



1+5 



) < +00. 



(5.11) 



Then, \imN^+oo{f^N,GN) = 0. 

Proof. Suppose that K is compact and e > is arbitrary. Then, 

|(/iiv,Giv)| < |(/iiv,G^U)| + \{fiN,GNlK^)\ (5.12) 
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Using Holder's inequality and choosing appropriately the compact set 
we can estimate the second term by 

W, \G^\'-''y/'^'+'^fi%^'^'\K-) < gJ/^^^'\k^) <e, ViV > 1. 

The first term can be estimated by ||G7v||oo,a' — )■ 0, as TV — +oo. 
Since e > has been chosen arbitrarily the conclusion of the lemma 
follows. □ 

From Proposition 13.11 we have limN-^+oo f^oQ*N = /^*! weakly. To 
prove that {G^, > 1} converges to uniformly on compact sets it 
suffices to show that for any xq & E and e,R > we have 



lim 



sup 



Ml, \Mi\ > eVn 



0. 



(5.13) 



To show (15.131) it suffices only to prove that for any Xq E E and i? > 
there exists 5 > such that 



M 



R 



lim sup sup Ej^lMi 



2+5 



< +00. 



N- 



-oo x<^Br(xo) 



(5.14) 



Equality (I5.13P then follows from the above and Chebyshev's inequality. 
Using definition (15. 6p we get, with 5 as in the statement of H2), that 



Ex|Mi|2+'^ < G 
-I 



\x{x,) - x{X,)\ 



2+5 



+ E, 



|^(x,)|^+^ rfsJ|<c{(||xlU + i) 

+ mx,)\ + lf^\5.,Q,,pl^^' + l)]. 



2+5 



{5xP\pI^') 



+(ii^iu + mx^)\ + ir"{6.,Q^,pt;; + 1) j . (5.15) 

Thus, (I5.14P and also (I5.13P follow. In particular (I5.15P implies that 
Gn{x) converges to uniformly on compact sets. On the other hand, 
since 

|G7v(x)|'+^/' < E,|Mi|2+^ -ixeE 

condition (15. lip easily follows from (I5.15P and hypothesis H3). This 
concludes the proof of Ml). 

Condition M2). Note that 

EZl < 2 |e |x(X„+i) - x(Xn)|' + fj' E|^A(X,)pds| 

/n+L ^ 
[F.pl{X,) + l]ds\ (5.16) 



< G 
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and thanks to H3) we have sup„>Q EZ^ < +00 so (15. ip holds. 

Using the Markov property we can write for any a > (to be speci- 
fied later) 



E j — [<M>mK-l - <M>^rn-l)K] " 5^(m-l)i^ > 

m=l 



m=0 



with 



Hk{x) := 



1 

K 



<M>K -a^ 



K 



:M 



K 



a 



Note that 



K~l 



X) 



j=0 



(5.17) 



where J(x) := E,(M)i - a\ Let /ioQf := l/i ELi /"oP^™"')'^. 

Lemma 5.5. For any > 1 we /iave Hx G C{E). Moreover, for 
6 > as in hypothesis H3) we have 



limsup(/ioQf , \Hk\^+^/^) < +00. 

^-s>+oo 



(5.1^ 



Proof. Suppose that L > 1 is arbitrary and ipiix) is given by (13.61) . An 
analogous formula defines also Xl{x)- Let M^^'' be given by the ana- 
logue of (15.61) . where and x are replaced by ipi and xl respectively. 
Thanks to (13.51) it is easy to verify that the function 



K 



[M 



a 



is Lipschitz on Br{xq) for any > and xq E E and, due to hypothesis 
H2) 



lim \\H^^^-H, 



L— >+oo 

This proves that Hk G C{E). 



Ik\\oo,Br{xo) 



0. 
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Considerations similar to those made in the proof of estimate flS.lSp 
lead to 

c 



< 



m=l 



pmK 

+ [||^lk + |^(a;o)| + l]^$^ / [Epi:\X. 



) + l]ds} (5.19) 



and the expression on the right hand side remains bounded, as £ -> 
+OC, thanks to assumption H3). Thus (15.181) follows. □ 
Using the above lemma we conclude that for any K 

lim {noQf, \Hk\) = (/i*, \Hk\). 

Since /i* is ergodic under the Markovian dynamics, from Birkhoff's 
ergodic theorem we obtain that the limit of the expression on the right 
hand side, as K ^ +oo, equals 0, provided that cr^ := E^^Mf. This 
ends the inspection of hypothesis M2). 

Condition MS). We can rewrite the expression appearing under the 
limit in (15. 2p as being equal to 



1 ^'^ 



j=0 



where 



y2 



Mj\ > eViK 



It suffices only to prove that 



limsup(yUo(5^ , Ge,j) = Vj = 0, 

£— 5>00 



K -1. 



(5.20) 



From the Markov inequality we obtain 



\Mj\ > eViK] < 



E..|M,-| 
eViK 



< 



1 



= {^MXj)-xix)\ + \Xjix)\}. 



eViK 

Using Lemmas 14. 4[ 14.51 and H2) we obtain that for any Xq ^ E 

C 



sup 

xe-Bfl(xo) 



\Mj\> eViK\ 



< 



(5.21) 
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21 



sup 

x6-Bij(xo) 



ZLiAMjl > eViK 



(5.22) 



< 2 



I sup Ej[xiXj+i)-x{Xj)]\\M,\>eViK} 



J+1 



+ sup Ea 



< C sup sup Ex 

te[0,K] x<^Br(xo) 



\Mj\> eViK 



pl{Xt),\M,\>eVlK 



for some constant C independent of i. The utmost right hand side of 
(I5.22P can be further estimated by 

(- r ^ ^ 1 >, 2/(2+5) 

C sup sup <^E^ pl+\Xt),\Mj\>eViK 



sup Pa 

xeBnixo) 



S/{2+5) 



\Mj\ > eViK 



(5.23) 



Using (I5.2ip and hypothesis H2) we conclude that 

hm sup Gej{x) = 0, Vxq G -E, -R > 0. 

To obtain fl5.20p it suffices to prove only that for 5 > as in H3) we 
have 

limsup(/io(5f , G]y^^) < oo, > 1, < j < - 1. (5.24) 

Note that 

(/iogf , Glf) < E,„qk(1 + Zl,y^'/' (5.25) 

Using Lemmas 14. 4[ 14.51 and hypothesis H3) we can estimate the expres- 
sion on the right hand side by 

supE^„QKp^+5(X,)< A (5.26) 
t>o 

for some xq and as in the statement of H3). Thus (I5.24p follows. 

6. Applications. 

6.1. Stochastic differential equation with a dissipative drift. In 

this section we consider an example of a stochastic differential equation 
with a dissipative drift coming from Section 6.3.1, p. 108 of [7]. Sup- 
pose that {H, I ■ I) is a separable Hilbert space, with the scalar product 
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(■, ■) and {—A) : D{A) — > i7 is the generator of {St, t > 0} - a strongly 
continuous, analytic semigroup of operators on H, for which there ex- 
ists Wi G R such that {e'^^'S'j, t > 0} is a semigroup of contractions. 
The above implies, in particular, that 

{Ax,x) >ui\x\'^, xeD{A). (6.1) 

Hence any A > —ui belongs to the resolvent set of A and we can define 
a bounded operator (A + A)~^. 

Next, we suppose that F : H ^ H is Lipschitz, i.e. there is Lp > 
such that 

\F{y + z)-F{z)\<LF\y\ (6.2) 
and for some a;2 G R such that 

u := Ui + U2 > (6.3) 

we have 

{F{y + z)- F{z),y) < -c^all/l', ^y^zeH. (6.4) 

Suppose that {e,j, z > 1} is an orthonormal base in H and {Bp{t), t > 
0}p>i is a collection of independent, standard, one-dimensional Brow- 
nian motions over (f2, ^, P) that are non-anticipative with respect to 
a filtration {^t,t > 0} of sub a-algebras of ^. Let {7^, p > 1} be a 
sequence of reals such that ^^^7^ < 00, then 

+00 

W{t) ■.= Y,lpBp{t)(^P^ ^>0 
p=i 

is an if-valued Wiener process with the covariance operator 



+00 

^ ^ ,2 , 



Qx = 2_^-fp{x,ep)ep, x e H. (6.5) 
Let 



t 

St-sdWis) 







be the stochastic convolution process defined in Section 5.1.2 of [6]. It 
is Gaussian and if-continuous. We assume that 

sup / TTace{S*QSs)ds < 00, (6.6) 
t>o Jo 

which in turn guarantees that 

supE|Zt|^ < cx). (6.7) 
t>o 
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We consider the following Ito stochastic differential equation 

where ^ is an 5^o-Kieasurable, if- valued, random element. When ^ is 
obvious from the context we shall abbreviate and write Xt, instead of 
shall also write Xt{x) when ^ = x with probability one. 
A solution of fl6.8p is understood in the mild sense, see p. 81 of 
[7], i.e. {Xt, t > 0} is an {^t, t > 0} adapted, continuous trajectory 
process, such that 

Xt = St^+ [ St^sF{Xs)ds + Zt, t>0, 
Jo 

P a.s. We shall assume that there exists 6 > such that 

E|^|2+'^ < +00. (6.9) 

It is known, see Theorem 5.5.11 of [7], that under the hypotheses 
made about A, F and W{t), for each x E H there exists a unique mild 
solution Xt{x) of (16.81) . The solutions {Xt{x), t > 0}, x E H form 
a Markov family that corresponds to a Feller transition semigroup. 
Moreover, there exists a unique invariant probability measure /i^, for the 
above Markov family such that for any random element ^ the laws of 
Xt{^) converge to /i^,, in the sense of the weak convergence of measures, 
see Theorem 6.3.3, p. 109 of [7|. 

Our main theorem in this section is the following. 

Theorem 6.1. Suppose that ip GLip(if) and {Xf(^), t > 0} is the 
solution of (16. 8p . Then, under the assumptions made above, the func- 
tional Jq ip{Xs{^))ds, satisfies the conclusions 1) — 3) of Theorem \2.1[ 

Proof. Our calculations are based on a similar computation made in 
[29] in the context of an equation with a Levy noise. Define the Yosida 
approximation of := A — ui as a bounded operator 

Aa,uj^ ■■= -a~^[{I + aA^J-^ - I] = A^^{I + aA^^)-^ 

The associated semigroup {St^a, ^ > 0} strongly converges to {e'^^^St, t > 
0}, as a — !■ CM-, see Theorem 3.5 of [H]. Let Aa^u)i '■= + ^i^- 

Lemma 6.2. Suppose that A satisfies (16.11) . Then, for any a > 

{Aa,u)iX,x) > UJi\x\'^, WxEH. 
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Proof. It suffices only to show that for any x G D{A) and y = [1 + 
a{A — uji)]x we have {Aa^ujiU, u) > 0. Indeed 

{A^,u.,y,y) = {{A - + a{A - uji)]^'y,y) 

= {{A - uJi)x, [1 + a{A - LOi)x]) 

= {{A - uji)x,x) +a\{A- uji)x\'^ > 0. 

□ 



(6.10) 



From the above lemma, (16. ip and (16. 4p we conclude that. 
Corollary 6.3. We have 

{i-Aa,.Jy + F{y + z)- F{z), y) < -Lu\y\', 
for all y E D{A), z E H, 

Denote by q the solution of 

dXt^^ = [-A^^^,Xt,a + i^(^t,a)] dt + dW{t) 

Since the drift on the right hand side is Lipschitz and the noise is 
additive, this equation ( 16. lip has a unique strong solution, i.e. the 
{dt, t >0} adapted, if-continuous trajectory process Xf „ such that 



{6.11] 



Xs,a + F{Xs,a) ds + W{t) 



P a.s. One can show, see [7], p. 81, that limQ,_>.(>|. sup^gjg \Xt^a — Xt\ = 
0, P a.s. for any T > 0. Consider the linear equation with an additive 
noise 



dZtiO = -AZt{Odt + dW{t) 

It has a unique mild solution, given by formula, 

Zt{0 = Sti+ [ St^sdW{s) t>0. 



(6.12) 



Denote by ^4,0, (0) the strong solution of 

dZt,a{0) = -A^,u.,Zt,a{0)dt + dW{t) 

Zo,a = 0. 



(6.13) 



To abbreviate the notation we shall write Zt^a, Zt instead of Zt^a{0) 
and Zt{0), respectively. We have lim^^o^. sup^gjQ j.] \Zt^a — Zt\ = 0, P 
a.s. for any T > 0. Define 



t,a 
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Then, 

= -A^,^,Yt,^ + F{Yt,a + Zt,a). (6.14) 



d 




dt 






1 






1 


1 


\Y \ 



For any e > define \Yt^a\e '■= y l^t.aP + e^- Then 

Substituting from fl6.14p into the right hand side of fl6.15p we get 
1 1 

\^t,a\e \^t,a\e 

(6-16) 

Using fl6.10p and the Cauchy-Schwarz inequahty we conclude that 

J^\YtAe<-^\ytA + \F{Zt,a)\. 

Letting e — )• 0+ we get 

\YtA - \yoA < I i-^YsA + \F{ZsA\}ds. 
Jo 

Removing the Yosida regularization, by sending a — 0+, we get 

\Yt\-\Yo\<-u [ \Ys\ds+ [ \F{Zs)\ds, t>0. 
Jo Jo 

From this we conclude, via Gronwall's inequality, that 

\Yt\ < e^^'l^l + f e-^^'~'^\F{Zs)\ds. (6.17) 



Consider now Xt{^) and Xt{^) the two solutions of (16. 8p correspond- 
ing to the initial conditions C, and C,- We conclude that their difference 
At := Xt{C,) — Xt{^) satisfies equation 

= -AAt + F{At + Xi(0) - F(Xi(0) 

(6.18) 
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An analogous calculation to the one carried out above, using the Yosida 
approximation and the dissipativity condition, yields 



I A, 



lAnI < -UJ 



Thus, 



lA.I < e 



-wt 



Aol 



\AJds. 



Vt > 0. 



(6.19) 



(6.20) 



The proof of Theorem 16.11 consists in the inspection of the hypotheses 
of our main Theorem 12.11 From properties of a mild solution of (16. 8 p 
we conclude that the semigroup corresponding to the Markov family 
Xt{x) is Feller and stochastically continuous, so HO) holds. 
Verification of H2). From f l6.17p and the Lipschitz property of F we 
conclude that there exists C > such that 

\Yt{x)\ < e-^*|x| +C [ e-^(*-^)(l + \Zs\)ds (6.21) 
Jo 

hence, there is a constant C > such that 

ft 



E\YAx)\^+^ < C 



\x 



2+5 



Jo 



22] 



for all t > 0. Thus, sup|^|<j:jE|Ff(x)p~'''' < oo and since 

Xt{x) = Yt{x) + Zt 

we conclude that 



sup E|Xt(x' 



\2+5 



< OO 



|a:|<_R 

for any i? > 0. This implies H2). 

Verification of H3). Suppose that /io is the law of ^. Then, 



(6.23) 
(6.24) 



supE|Xt(OP+'^ < C |supE|Ft(0P+^ + supE|Zt|2+n 

t>o y t>o t>o J 



< oo. 



From (16.71) and the fact that {Zt, t > 0} is Gaussian it follows that 
supj>Q ElZfp"*"^ < oo. Using (I6.2ip we conclude easily that there exists 
C > such that 

e v--^-E|4;r"- + E ' ' 



< c 



I e-''^'-'\l + \Zs\)ds 
Jo 



Thus, from the above and (16.231) we get 



supE|Xt(Or+'^ < +00 



t>0 



and therefore H3) holds. 
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Verification of HI). Estimate f l6.2ip together with formula f l6.23p 
guarantee that the space Vi is preserved under P*. Suppose that Xt{^) 
and Xt{$,) are two processes that at t = equal C, and ^, with the laws 
/ii and /i2, respectively. From fl6.20p we get that for any ip GLip(£') 

\E^PiX,{0)-E^P{Xtm < || V^||lE|X,(0 - | 

< ||V;|Ue--*E|e-el (6.25) 

Taking the supremum over all ip such that < 1 and the infimum 

over all couplings (^,0 whose marginals equal /ii, /i2, correspondingly 
on the left and right hand sides, we obtain 

di{fiiP\ fi^P') < e-"*rfi(/ii,/i2), Vt > 0. 
Thus, HI) holds. □ 

6.2. Two dimensional Navier-Stokes system of equations with 
Gaussian forcing. Let be a two dimensional torus understood here 
as the product of two copies of [—1/2, 1/2] with identified endpoints. 
Suppose that u(t,x) = {u^{t,x),u^{t,x)) and p(t,x) are respectively 
a two dimensional vector valued and a scalar valued field, defined for 
(t,x) G [0, +oo) X T^. They satisfy the two dimensional Navier-Stokes 
equation system with forcing F(t,x) = {F^(t,x), F'^(t,x)), i.e. 

dtu\t, x) + u{t, x) ■ Wxu\t, x) 

= A^u'it, x) - d^^pit, x) + F'{t, x), ^ = 1, 2 

2 

i=i 

m(0, x) = Uo{x). 



(6.26) 



Here A^., denote the Laplacian and gradient operators and Uo{x) is 
the initial data. We shall be concerned with the asymptotic description 
of functionals of the form Jl^ ip{u{s))ds in case F{t,x) is a Gaussian 
white noise in time and ip is a. Lipschitz continuous observable on an 
appropriate state space. Below, we recap briefiy some of the results of 
[20]. Assume that (fi, d, {dt, t > 0}, P) and {W{t), t > 0} are a filtered 
probability space and a Wiener process on Hilbert space H = L^t:'^) 
- made of square integrable, zero mean functions - as in the previous 
section equipped with the norm | ■ | . The orthonormal base Cp appearing 
in (16. 5p is given by 

ep{x) := exp{27rip ■ x}, p={p\p^) e := z2\{(0,0)} 

(we abuse slightly the notation admitting a two parameter index). 
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We rewrite the system (16.261) using the vorticity formulation, i.e. we 
write an equation for the scalar, called vorticity, 

uj{t) := rotn(t) = dx^u^it) — dx^u^it). 

It satisfies then an Ito stochastic differential equation 

duj{t] w) = [Axu{t; w) + B{u{t; w))]dt + dW{t), (6.27) 
a;(0; w) = w e H. 

Here 

2 

B{ij) :=-^/C^(a;)9,.,a;, 
i=i 

with /C := (/C\/C^) given by IC{u) = X]pez2 P"^br^(^! *2p)ep and p-^ = 
(p^, —pi). The existence and uniqueness result and continuous depen- 
dence of solutions on the initial data for (16.271) can be found in e.g. [B]. 
As a result the solutions {u}{t]w), t > 0} determine a Feller, Markov 
family of if-valued processes. Denote by {P*, t > 0} the correspond- 
ing transition probability semigroup and its dual acting on measures. 
Following [20] we adopt the non- degeneracy of the noise assumption 
that can be stated as follows: 

ND) the set Z := [p : 'jp 0] is finite, symmetric with respect to 
0, generates Z^, i.e. integer linear combinations of elements of 
Z yield the entire and there exists at least two pi,P2 with 
7^ \P2\ such that 7p. e Z for i = 1, 2. 

For any 77 > define also V : H ^ [0, +00) by V{w) := exp{?7|wp} 
and a metric 

p{wi,W2)=mf V{-f{s))\^{s)\ds, 
f Jo 

where infimum is taken over all smooth functions 7(5) such that 
7(0) = Wi, 7(1) = W2. It is clear that p metrizes the strong topology 
of H and is equivalent with the metric induced by the norm on any 
finite ball. Denote by C^iH) the space of functionals ijj : H ^ R that 
possess Frechet derivative Dip satisfying 

ll^ll, := supe-^H^ imu)\ + P^(m)II) < +00. 

It is elementary to verify the following. 
Proposition 6.4. We have 

^{w2,wi) < \\'4)\\np{w2,wi), Vwi,W2 e H. 
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Denote by di{-, ■) the corresponding Wasserstein metric on Vi{H,p) 
- the space of probabihty measures on H having the first moment with 
respect to metric p. The following theorem summarizes the results of 
p!9l [20] that are of particular interest for us 

Theorem 6.5. Under the assumptions made above the following hold: 

1) there exists Vq such that for any v G (0, i^o] ^'^d T > there 
exist C > for which 

Eexp{z/a;2(t)} < CEexp{z/e-V(0)} , Vt > 0, (6.28) 

2) we have P*{Vi{H, p)) C Vi{H,p) for all t > and there exist 
c, 7 > such that estimate (12.21) holds. 

Part 1) of the theorem follows from estimate (A. 5) of while part 
2) is a consequence of Theorem 3.4 of [20]. Choosing 77 > 0, in the 
definition of metric p(-, ■), sufficiently small we conclude from part 1) 
of Theorem 16.51 that hypotheses H2) and H3) hold. Part 2) allows us 
to conclude hypothesis HI). As we have already mentioned hypoth- 
esis HO) concerning Feller property also holds, therefore by virtue of 
Theorem 12.11 we conclude the following. 

Theorem 6.6. Suppose that ip G C^{H). Then, the functional ip{u{s))ds 
satisfies the conclusion 1) - 3) of Theorem \2.1[ 

We should also mention that the proof of the central limit theorem, 
in the perhaps most interesting, from the physical viewpoint, case of 
an additive functional of the point evaluation of the Eulerian velocity 
u{s,x) := ]C{u(t)){x) is slightly more involved. The respective ob- 
servable is not Lipschitz and the results of the present paper are not 
directly applicable. In that case one can use the regularization result 
of [20], see Proposition 5.12. 



Appendix A. Proof of the central limit theorem for 

MARTINGALES 

Proof of (15.31) . Suppose first that = iK for some positive integers 
KJ. Then, 



-<M>, 



-'f^^lx^ <M>mK-l - <M>(^^_l)K 5^0' 



m=l 



m-l)K 



a'\ 
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as £ — )■ +00 and then K — t- +00 (in this order). When = IK + r for 
some Q <r < K — 1 we can use the above result and fl5.ll) to conclude 

a. 

Proof of (15. 4p . The following argument is a modification of the proof 
coming from Chapter 2 of [25]. Choose an arbitrary p > 0. Recall that 
for all a G R \ {0} we can write 

= I + ia - - R{a)a^ (A.l) 

where -R(O) = and 

R{a) := a"^ / dai / (e^^ - 1) dx for a ^ 0. 
Jo Jo 

It satisfies |-R(a)| < 1 and 



limi?(a) = 0. (A.2) 

a->0 



To simplify the notation we introduce the following abbreviations 



Aj := {9/VN)Zj+i, Rj := R{Aj), 

{e/VN)Mj 



CjN := e 



\{e/VN)Mj 



(A.3) 
(A.4) 
(A.5) 



Using the fact that E[Zj+i | '^j] = we can write 



Ee,-+i,Ar — E 



1 - A, 



From f lA.ip we get 



A. 



2N 



ej,N ^+1 



A^ 



(A.6) 



Hence, 



^.V^0-+l)/(2^) ^^^^^^^ _ ^e^.^,/i2N) g^^. ^ 



e 

q2„2 



(A.7) 



Ee,- AT 
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Using ( 1A.6I) we conclude that the right hand side of the above equation 
equals 



^e2a2(j+l)/(2JV) / 



^2 



I 2N 



2 2 ~1 



+ e' 



1 - e 



-6»2aV{2Af) 



2A^ 



V2(j+l)/(2iV) 



TV 



ge2^2(j + l)/(2iV)g 



+ e' 



/(2JV) 



2N 



Summing up over j from to — 1 and (Mq = 0) we get 



^ ge2<x2(j+i)/(2JV) 



^2 



2A^ 



j=0 



^2 



_ ^\^eeV2(j+i)/(2JV)g 

j=0 
N-1 



(Ai 



2N 



Denote the expressions appearing on the right hand side of ( lA.Sp by 
Jtv, -ff^AT, -2?^Ar respectively. 

r/ie term M^. Using Taylor expansion for exp{— 6'2a2/2A^} we can 
easily estimate \Mp^\ < C/N ioi some C > independent of A^, so 
limAT^+oo \Mn\ = 0. 



W^+oo \^N 

The term Mm. Fix e > 0. Then, there exists C > such that 



^^1 ^ § E E [z^i \H i^.+ii > ^v^^ 



(A.9) 



j=0 



C 



N-1 



A^ 

j=0 

Since \RA < 1 we have 



Ini + In2 



N-1 
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as — > +00, by virtue of Ml). 

As for the second term on the utmost right hand side of flA.9p we 
can write that 



In2 < 



N 



N-l 



snp\R{h)\Y,mZ^+i\dj 



\h\<e 



C sup \R{h)\ E 

\h\<£ 



3=0 
<M>N 

N 



Since sup|/j|<£ !/?(/?,) | tends to 0, as e t (see flA.2|) ). using fl5.3p we 
conclude that 

(A.IO) 



hmSUp JAr2 < ^, 



provided that e is chosen sufficiently small (independent of A^). The 
value of p > appearing on the right hand side has been chosen at the 
beginning of the proof. 

The term /jv. To simplify notation we let /3 := (^^(T^)/2. Fix K > 1, 
and assume that A^ = iK + r, with < r < A' — 1. Divide A^r = 
{0, . . . , A^ — 1} into i + 1 blocks, i of them of size K, the last one of 
size r, i.e. = Ujio ^ra, where Im = {mK, . . . , (m + 1)K - 1} for 
m < i and le = {(-K, . . . , iK + r}. To simplify the consideration let 
us assume that all intervals Im (including the last one) have length K. 
Then, 



In 



< ^1 ^ g[(m-l)i^+l]/3/7V ^ ^^lj-(m-l)K]l3/N 



- N 



j2 J2 ^'^""^ 

m=0 j&Im 



(A.ll) 
1}eL;v{o-2-^Jh_i}1 



m=0 



C 



,(m-l)Kp/N. 



ej,7v{o-2 - ^+1} 



m=0 je/r, 



Denote the two terms on the utmost right hand side of flA.lip respec- 
tively by Ijq^i and 1^,2- Since je"^ — 1| < Cx for all x G [0, 1], letting 
X =[j — {m — 1)K]I3/N, we get 



as £ — )■ +00, in light of (15. ip . 



CLT FOR MARKOV PROCESSES 

As for the other term we can write 
N 
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e-1 

m=Q 



■m=0 je/m 

The two expressions on the right hand side shall be denoted by Jtvi 
and Jn2, respectively. Then, 



C X — ^ I o J- 



£-1 



m=0 



<M>mK-l — <M>(^^rn-l)K d{m-l)K 



This expression tends to 0, when i — +oo and then subsequently 
K +CX), by virtue of M2). 
As for J7v,2 it equals 

(A.12) 

Consider two events: F := [\{Mj — M(m_i)/^)/-\/iV| < s] and its com- 
plement := [\{Mj — M(^rn-i)K) / VN\ > e] and split the integration 
accordingly. We obtain two terms L^^i, Ljv^2 depending on whether 
we integrate over F, or respectively. Using a well known estimate 
|g«£ _ X| < e we get 



Ce 



N 



As a result of (15. ip we conclude that 



limsup Lm,i < -; 



(A.13) 



provided that p > is sufficiently small. In the other case we get 
{N = IK) 



-1 mK-l 



»n=0 j={m-l)K 

and using ( 15. 2 p we conclude that 

lim limsupL7v,2 = 0. 
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The above argument allows us to conclude that if = IK + r for some 
< r < - 1, then 



lim sup lim sup 

X— s>+oo >+oo 



< P 



for any p > 0. This of course implies the desired formula (15 ■4p . 
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